On the basis of the generalized Langevin equations for the spin operators, the dynamical properties of the XY model at low temperatures are investigated in the spin wave approxi· mation. The transverse as well as longitudinal dampings are calculated, with the use of which the hydrodynamic equations are derived. The frequency spectrum of spin wave thence obtained agrees with the result obtained hydrodynamically by Halperin and Hohenberg. The microscopic expressions for the various parameters appearing in their hydrodynamic equations are also determined. § I. Introduction
Dynamical Properties of the Three-Dimensio nal XY lV!odel
operator given by (1· 2) is incommutable with the Hamiltonian (1·1) of the system. This is contrastively different from the case of the Heisenberg model, where the order parameter commutes with the Hamiltonian.
Halperin and Hohenberg3l developed a hydrodynamic theory of the XY model which is quite analogous to the two-fluid hydrodynamics of liquid helium. They found a hydrodynamic low-frequency spin wave mode and calculated its damping rate below Tc. It is noticeable that the XY model as a simplified model of superfluid is amenable to a microscopic analysis at least at sufficiently low temperatures.
The aim of this paper is to study the dynamical behaviour of the XY model at low temperatures on the basis of Mori's theory of generalized Langevin equation!) where the spin wave approximation is applied. Then, we calculate the transport coefficients which enter the hydrodynamic equations and examine the validity of hydrodynamic description.
In § 2, we give the Langevin equations of motion for macrovariables. In § 3, we apply the spin wave theory by making use of Holstein and Primakoff's transformation. Thus in § § 4 and 5, the susceptibilities and damping constants are calculated. In § 6, the transport coefficient and thermodynamic parameters appearing in the hydrodynamic equations derived by Halperin and Hohenberg are microscopically determined by comparing our results with those equations. In conclusion in § 7, notes on the relaxations of the respective spin components in the hydrodynamical limit are given and the possibility of obtaining the first sound mode which survives even at the transition temperature is pointed out. §
Generalized Langevin equations of motion
According to Mori, we can write down for a set of any dynamical variables {Aq a} (a and q denote the species of dynamical variable and the wave number Henceforth, we concentrate on the dynamics in the ordered phase in which the spontaneous magnetization appears along the x-axis. We take the Fourier components of the spin and energy densities, {Sq"', Sqy• sqz, Hq} with small wave vector as the macrovariables {Aq "}, which describe the slow process in the system.
Of these extensive variables, Sqz and I-Iq are conserved quantities and SqY is a symmetry-restoring variable, which plays a vital role no less important than the conserved quantities in dynamics of the system with broken symmetry as was emphasized by Forster.') We assume that Sqx varies slowly in time as a result of broken symmetry. Provided that the set of macrovariables are taken enough to describe the slow process in the system sufficiently, Eq. (2 ·1) reduces to the one of Markoffian character and can be rewritten as (2· 5) where the random force is averaged out in a time scale during which the fluctuation of random force exhibits so many periods of recursion and the macrovariables, on the other hand, cannot change appreciably.
In the ordered state, there are two symmetry operations that keep the interaction Hamiltonian (1·1) as well as the state invariant, as was pointed out by Kawasaki: 6 J viz., the spin rotation by 7r around the x-axis and the combination of time reversal and spin rotation by 7r around the y-axis. As a consequence of these symmetries, Sq "', Hq and the pair {S/, Sqz} do not couple dynamically with one another. Therefore we can deduce that each of these three groups forms a closed set of macrovariables. Consequently, for the longitudinal spin component, we obtain from Eq. (2 · 5) (2·6) and for the transverse one (2·7)
where the susceptibility Xq" and the damping constant T~,q are defined respec- In the presence of an external magnetic f1eld lim which 1s directed along the x-axis, the total Hamiltonian is given by
~n J where g denotes the Lande factor and ILB the Bohr magneton.
Our problem is to find the eigenvalues of the Hamiltonian (3·1) for the case where the magnetic moment is nearly saturated, which is realized in the limit of low temperature. In the vicinity of the quasi-ground state of the XY model in which all the magnetic moments line up along the x-axis, we make use of the Holstein-Primakoff'l theory of spin waves. According to that theory, the spin operators are expressed as where uk and vk have been chosen as
(3 -14)
By assummg ak~1 for the lattice constant a, we can approximate as 'Nhere a denotes a constant length a little smaller than a. In the case Jim.= 0,
we thus obtain from (3 · 13) (3 -16) In the case of a finite field in which ak~ -J g !isHm/ J z, the energy spectrum (3 ·13) is approximated as (3 -17) Therefore it turns out that the uniform mode in the ){Y model has no energy gap in the absence of external field. This fact is quite understandable as no preferable direction exists in the xy-plane in this system.
The ground state energy in the absence of field is obtained from (3 -10) with (3 ·11) and (3 ·12) as
The ground state spin deviation can be calculated as (3 -19) By where only up to first order terms have been retained in the inverse power ex~ pansion of S in (3 · 3). We restrict ourselves hereafter to the case, S = 1/2.
By making use of the definition (2 · 4), the expression (2 · 9) gives the ex~ plicit formula (4 ·8) which is singular at the vanishing wave number.
In the case of finite field, Eq. (4· 7) can be approximated for aq~g!tnii,,JJz ~knTf.Jz~1 as knT 1
which is also singular at the limit of vanishing field.
It is noted that our results are very similar to the expressions for longitudinal susceptibility of the isotropic Heisenberg ferrornagnet derived by Mori and Kawasaki.10l On the basis of phenomenological investigation, Patashinskii and Pokrovskiiw showed that such an unusually singular behaviour of the longitudinal susceptibility is found generally in the system with broken symmetry. Therefore the similarity of our results to Mori and Kawasaki's is not accidental and both of the results are consistent vvith the conclusion of Patashinskii and Pokrovskii's investigation. This also shows that it is adequate to take Sq"' as a macrovariable.
In <t similar way, X/ is explicitly g1ven by (4 -10)
Substituting ( 4 · 2) into ( 4 ·10), and using the canonical transformation (3 · 9), we obtain where we have retained up to the fourth order correlation among the operators aq * and aq.
In the absence of the field, ];:q. (4·11) can be approximated for knT~J::
in the limit (/ >0 as (4 ·12) where we ha ye neglected the second term in the square-brackets on the right-hand side of (4 ·11), which represents the effect of zero-point motion and is very small compared to the first term; th11t is, the ratio of the second term to the Erst is In the presence of a finite field and in the vanishing limit of wave nu~nber,
we can obtain for the case k8 T<f;;Jz and k8 T<f;;gp 8 Hm
In the same way as in xq·" and XqY, we can similarly calculate xq' in the limit of vanishing wave number and get the following results. In the case of no magnetic field in which k8 T<f;;Jz ) for the damping constant, we can estimate the clamping due to the exchange interaction. As it is quite difficult to take into account the effect of the projection operator 1-p in the calculation of r;,q, we neglect this projection operator and thus get ra ::::::::-__!____ -lim lim 1 00 dt cs a s a (t)) e-"
where c is an infinitesimal and it is made to tend to zero after the limiting of q.
It should be noted that the time correlation in the integrand of Eq. (5 ·1) includes a slow process with long time tail. In fact, the damping constant is only contributed from the rapid process causing a short time correlation, owing to the projection operator 1-P involved in the original form. So far as the macrovariables is properly chosen, it is considered that two kinds of correlation times which are quite distinct from each other appear in time correlation in Eq. (5 ·1) in the limit of q vanishing: One is clue to the rapid process with a sharp peak at t = 0, and the other to the slow process with an infinitely long time tail. However, the convergence factor exp (-ct) in (5 ·1) prevents the slow process from giving a misleading contribution to the time integral. In consequence, it is expected that the expression (5 ·1) reproduces essentially the same correct result as the full expression (2 ·10).
In the absence of external field, Heisenberg's equations of motion for Sq·", Sq" and sq z are respectively expressed as
.=(rq+r-Yr) {Sq+px(t)S_pY(t) -Sq+z,V(t)S_rx(t)}. (5·4)

ltv N v
To calculate r P· / . we make use of (5. 2) to get
s= -Et
dt(S S (t))e =----~ ~ hrk' dte
where ] 1 x is given by taking h as unity by 
exp ((3(Eq+h+E 1,) 
We retain only the most dominant part in Eq. (5 · 8) in the limit of q vanishing, and then make s tend to zero. In consequence, the effect of the slow process can be eliminated. By making use of the relations for small q and k,
Eq+k -Ek~ Jza (q2-l-2q·k)'
21?
we can further rewrite I 1·" as
which gives (5 ·11)
In the same way, we can calculate the remaining three terms in Eq. (5 · 5) and obtain for each the result identical with that of I/. 
where f 1Y to Il correspond to the first to fourth terms in the integrand, respectively. By making use of ( 4 ·1) and ( 4 · 
Here we have discarded the summation under which the factor o (E,., k' + Ek +Ek.) is included. This summation really can have no contribution. In the case /::BT/Jz<SI;;l, the contribution from small h and l:' is important, where 
111 which, e.g .. 11 is given by (5. 27)
Similarly to the case of Tj,,q, the sixth order correlation term C,', ·which only contributes to 1/, is obtained as By carrying out the canonical transformation (:1 · 9) and retnining the most dominant part in the limit of q vanishing, we get in the limit s----+0 
:t SqY(t) = [2<Sx)Jz]Sq'(t) -DYlSqY(t), _!__Sq'(t) = -[2<Sx)Jza 2 ]lSqY(t) -D'q 2 Sq'(t). dt
By solving these coupled equations, we get a hydrodynamic spin wave mode with the frequency spectrum (6·3) where we have neglected the terms of order q 3 and higher.
It should be noted that the hydrodynamic spin wave mode differs from the spin wave excitation (3 ·16) which is derived by diagonalizing the Hamiltonian; the former occurs as a result of the complicated interaction among the excitations.
At the vanishing temperature, where <S") = 1/2 is substituted, Eq. (6 · 3) is reduced to the energy spectrum (3 ·16), as it should be.
Our result agrees with the frequency spectrum of macroscopic spin wave which was derived by Halperin and Hohenberg on the basis of hydrodynamic consideration. Equations (6 ·1) and (6 · 2) are rewritten in the real space in the form 
at (6 ·7) (6 ·8) (6 ·9) (6 ·10)
These are equivalent to the hydrodynamic equations derived by Halperin and Hohenberg.3J Thus we can give the microscopic expressions for the thermodynamic constants and the transport-coefftcients, which appear in the hydrodynamic equations (2·4,7b), (2·47c) in their paper; viz., By taking into account the large difference between the temperature dependences of the longitudinal and transverse dam pings, we can consider that Sq always remains at the local equilibrium value at temperatures where the hydrodynamic Goldstone mode is essential in determining the dynamical behaviour of the system.
In deri,,ing the hydrodynamic equations, Halperin and Hohenberg as:;umed a wave number-independent microscopic relaxation of s.t to a local equilibrium value.") According to the present investigation, this is not the case; that is, we do not have such a relaxation time but get a macroscopic relaxation time dependent on the vvave ntl!Tlber. The magnitude of that time, however, is me1ch smaller for S" than for sv and sz. On account of this, the hydrodynamic motion of sx is not important compared to that of the transverse components S'', sz and can be It is believed that the hydrodynarnic theory for the Quantum Lattice Model 1s analogous to the one for superfluid helium with clamped normal fluid, such as helium in fine pores, for the reason that the law of momentum conservation is regarded as unsatisfied in the lattice system so that only a nwde analogous to the fourth sound appears as a hydroclyn,unic mode. However, it should be pointed out that the lattice structure is a veragecl out in the hydrodynamic scale of length in which we are interested. In this respect, in the long wavelength limit, there is a possibility of the existence of the normal mode corresponding to the :first sound, which does not vanish at the critical temperature T,. In fact, by taking account of nonlinear terms with spin operators, we can find the mode which suTvives even at Tc, which \vill be discussed in a subsequent paper.
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